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This letter explores the derivation of dark energy from a locally conformal projection of hyper-
conical universes. It focuses on the analysis of theoretical compatibility between the intrinsic view
of the standard cosmology and an adequate transformation of hyperconical manifolds. Choosing
some parametric family of locally conformal transformations and taking regional (second order)
equality between the Hubble parameter of both theories, it is predicted that the dark energy den-
sity is ΩΛ = 0.6937181(2). In particular, we used a radially distorted stereographic projection, the
distortion parameter of which is theoretically predicted about α = 0.325 ± 0.005 and empirically
fitted as α = 0.36± 0.02 (χ20 = 562) according to 580 SNe Ia observations.
PACS numbers: 98.80.Es, 98.80.Jk
A. INTRODUCTION
A.1. Motivation
Astronomical observations suggest that the universe
is spatially flat, accelerating and composed of predomi-
nately dark energy and dark matter. However, despite
of the great agreement of the standard cosmology with
this, the nature of dark energy still remains an open is-
sue. In fact, it is not measured from model-independent
observations. Moreover, observations of the universe’s
flatness are also based on the validity assumption of the
current model. Changing the frame theory, the same ob-
servations can be explained using another geometry, even
with positive curvature [1].
Recently, geometrical interpretations for the dark en-
ergy have been explored [2–4]. For instance, conformal
gravity can be used to obtain both dark energy and mat-
ter [2]. The hypothesis of the conformal cosmology is
based on the invariance of the geometry under any lo-
cal conformal transformation [3]. Alternatively, Maia
et al. [4] obtained dark energy as warp in the universe
given by the extrinsic curvature within a Friedmann-
Robertson-Walker (FRW) universe embedded into a five-
dimensional constant curvature bulk.
The FRW metric used in the standard ΛCDM model
is obtained from a static manifold with constant spatial
curvature and an additional scale factor a(t) to explain
the expansion. However, other theories based on vary-
ing extrinsic geometries can explain the expansion [5, 6].
For example, hyperconical universes produce inhomoge-
neous metrics compatible with the observed expansion
and they locally approach to the flat FRW metric. To be
consistent with the ΛCDM model, it can be assumed as
a local perturbation theory in inhomogeneous universes
expanding regardless of the matter content [7]. On the
other hand, physical properties of inhomogeneous spaces
are interesting because they can be used to trace dark
energy and dark matter [8].
As a continuation of the study presented in [7], this
letter explores an interpretation of the dark energy ac-
cording to locally conformal projections of hyperconical
universes. For this purpose, the analysis deeps in its the-
oretical compatibility with the ΛCDM model for both at
low and high redshift regions, particularly including the
first acoustic peak in the Cosmic Microwave Backward
(CMB) radiation. Therefore, a quick review of the Stan-
dard Model is required to compare with the hyperconical
model.
A.2. The first CMB acoustic peak
Hubble parameter. The Hubble parameter is defined
as H := a˙/a. For the ΛCDM model, it is obtained from
the second Friedmann equation according to the matter
(Ωm), radiation (Ωr) and dark energy (ΩΛ) contents. As-
suming zero curvature (ΩK = 0) , the Hubble parameter
HΛ of the Standard Model is:
HΛ = Ho
√
Ωr(1 + z)4 + Ωm(1 + z)3 + ΩΛ (1)
Comoving distance. The physical (proper) radial dis-
tance or comoving distance, rˆ′, is given by the null
geodesic with no angular variations in the considered
metric. This distance can be written using the redshift z
and the Hubble parameter, H, with the scale factor ex-
pressed as a/aoˆ = 1/(1 + z) where aoˆ ≡ 1 is the current
value of a. For the ΛCDM universes, one can find:
rˆ′Λ(z) = sinK
∫ z
0
dz
HΛ(z)
(2)
where sinK x := lim→K −1/2 sin(1/2x), K = −ΩKH2o ;
i.e., sin0(x) = x, sin+1 x = sinx and sin−1 x = sinhx.
Sound horizon. The first CMB peak in the multipole
moment is given by the sound horizon rS at decoupling
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2between baryons and photons. It can be obtained ac-
cording to the integral of the effective sound speed cs(z)
of the coupled baryon-photon plasma [9, 10],
rS(z) =
∫ t
0
cs(t)a
−1dt =
∫ ∞
z
dz
H(z)
cs(z) (3)
The value of decoupling redshift zdec is 1090.09 ± 0.42
according to the Planck mission [11]. The square value
of cs(z) is:
c2s ≡
δPγ
δργ + δρb
=
1
3(1 +Rs(z))
(4)
where ρb is the baryon density, ργ is the photon density
and Rs(z) is the baryon-to-photon density ratio, which
can be expressed in terms of the CMB parameters as:
Rs(z) ≡ 3
4
ρb
ργ
=
3ωb
4ωγ
1
1 + z
(5)
where ωb := Ωbh
2 and ωγ := Ωγh
2 = Ωmh
2/(1 +
zeq) are respectively the baryon and radiation con-
tents, expressed with the reduced Hubble constant h :=
H/(100kms−1Mpc−1).
Therefore the sound horizon, i.e., the comoving dis-
tance traveled by a sound wave, is:
rS(zdec) =
∫ ∞
zdec
dz
H(z)
√
3(1 +Rs(z))
(6)
Then, the characteristic angle θA of the first CMB peak
location and its corresponding multipole ` are related by:
` =
pi
θA
= pi
r′(zdec)
rs(zdec)
(7)
Empirically, the first CMB peak is found at ` = 220.0±
0.5 in agreement with the ΛCDM model (`Λ = 220.9)
[11].
Assuming the CMB measurements of the baryon and
photon contents, ωb := Ωbh
2 = 0.02230(14) and ωγ :=
Ωγh
2 = 2.469(26) · 10−5 [11], it is possible to estimate
the baryon-to-photon density ratio Rs(z) for any universe
model according to Eq. 5. With this, the sound horizon
rS and the multipole ` only depend on the theoretical
Hubble parameter H(z).
Therefore, the next sections are focused on the possible
compatibility between the standard Hubble parameter
and that obtained by the hyperconical universe for low
and high redshifts. The local compatibility was found in
[7], but for large distances it is required to apply some
global projection to the hyperconical universe (Sec. C).
B. HYPERCONICAL UNIVERSES
Hypercones. Let H4β± ⊂ R5± := (R5 r {0}, η±), with
metric η± := (+1,−1,−1,−1,±1), be embedded hyper-
cones with linear expansion and independent of the mat-
ter contents, i.e.
H4β± := {(t, ~r, u) ∈ R5± : t2 − ~r2 ± u2 = β2±t2} (8)
with constant β2± ∈ {β2 ∈ R : ±(β2−1) > 0} and ~r ∈ R3.
Alternatively, it can be considered a Wick rotation for
the coordinate u with η− and β2 < 1. In any case, there
must exists some diffeomorphism
f : (H4β±, η±)→ (R>0 × R3, g) := R1,3g (9)
such that the metric g inherits properties of H4β± and pro-
duces the same proper time in R1,3g as in the Minkowski
spacetime.
Deformation. To preserve the proper time, the ini-
tial reference instant toˆ ∈ R≥0 is fixed by the observer
although its actual position (t, ~r, u) is moving with time
due to the expansion. That is, an expanding deformation
Tt is applied to the spatial components s := (~r, u) ∈ R4
of the observer according to:
Tt : (toˆ, s) =
(
toˆ,
t
toˆ
s
)
∈ R5± ∀toˆ, t ∈ R>0 (10)
Metric. From the above hypotheses, a radially in-
homogeneous metric g is obtained with the same local
Ricci curvature as the flat FRW metric [7]. The non-
zero elements in comoving polar coordinates (t, r′, θ, φ)
are g00 = 2k
−1(b−1)+1, gr′r′ = −a2/b2, g0r′ = −ar′/toˆb,
gθθ = −a2r′2 and gφφ = −a2r′2 sin2 θ; where k−1 :=
1 − β2± is the spatial curvature, a(t) := t/toˆ is the scale
factor and b(r′)2 := 1 − kr′2/t2oˆ is an auxiliary function.
The diagonal version of the hyperconical metric is given
by the coordinate change t′ := t
√
2k−1(b− 1) + 1, which
is equivalent to selecting g′00 = 1, g
′
0r = 0.
Hubble parameter. For the hyperconical model, the
scale factor a is initially defined as linear by hypothesis,
and thereby it does not depend on the matter-energy
contents. The Hubble parameter is derived using the
diagonal coordinates as Hhyp := a
−1∂a/∂t′, i.e.
Hhyp =
1
t′
=
1
toˆ
aoˆ
a
=
1 + z
toˆ
(11)
Comoving distance. In the hyperconical model, two
comoving measures are distinghished, the radial coordi-
nate r′hyp of the null geodesic under the extrinsic view
and the physical (proper) radial distance rˆ′hyp obtained
by projection to the intrinsic view of the hyperconical
universe. That is:
r′hyp(z) =
1
Ho
ξ
−1
k (ln(1 + z)) (12)
rˆ′hyp(z) := fαrˆ (toˆ, r
′
hyp) (13)
where fαrˆ is a projection map (detailed in Sec. C) and
the function ξk, obtained from the null geodesic curve
3under the diagonal hyperconical metric, is given by
ξk
(
r′
toˆ
)
:=
∫ r′
0
√
1− k−1(1− b)2
b(2k−1(b− 1) + 1)
dr′
toˆ
(14)
where b = b(r′) :=
√
1− kr′2/t2oˆ.
C. CHOICE OF PROJECTION
The deformation Tt : H4β± → R5± leads to a differ-
ential line that provides the metric g, but the output
of this transformation is in R5± and still has the un-
observed spatial u-coordinate. Therefore a projection
map fα : R5± → R1,3g is required to remove u, satisfy-
ing f = fα ◦ Tt, i.e.
H4β± R5±
R1,3g
Tt
f fα
In this work, a family of projection maps {fα}α is tested.
Each map is applied to comoving coordinates (t, ~r′, u′) as:
fα : (t, ~r′, u)→ (fα
tˆ
(t, ~r′), fαrˆ (t, ~r
′)) =: (tˆ, ~ˆr′) ∈ R1,3g (15)
and it should satisfy several requirements:
(1) Projection type. To preserve the local measurement
of proper distances, it must be an azimuthal and locally
conformal projection; that is, fα
tˆ
(t,~0) ≡ t, fαrˆ (t,~0) ≡ 0
and fαrˆ (t,~) ≈ ~ for |~|  t. Therefore, it is spatially
isotropic fαrˆ (t, ~r
′) = fαrˆ (t, r
′)~r′/r′ for all ~r′ such as r′ :=
|~r′| > 0.
(2) False boundary. As Tt is a local projection (done
by an observer), it produces an apparent boundary at a
certain distance. Particularly, the function ξk(r
′/toˆ) is
only real in r′ ∈ [0, r′k) where
r′k :=
toˆ
2
√
4− k (16)
is the boundary of Tt(H4β±) 3 r′, where ξk diverges. The
existence of this limit leads to a divergence in the first
derivative of the projection, i.e. dfαrˆ (t, r
′)/dr|r′=r′k =∞.
(3) Corrected boundary. To find the correction of the
map fα, it must be taken into account that the intrinsic
measurement of |~ˆr′| in R1,3g is limited by the maximum arc
length in H4β±, that is piνtoˆ = max(γ
′νtoˆ) = max(|~ˆr′|) =
fαrˆ (toˆ, r
′
k).
Unfortunately, the possible projection map fαrˆ that
satisfies conditions (1) and (2) is not unique. For in-
stance, we tried a distorted stereographic projection
af
α
rˆ (toˆ, r
′
k) ∼ νtoˆγ′∆α(γ′/γ′k) (17)
∆α(x) :=
1
(1− x)α (18)
where γ′ := γ′(r′) = sin−1(r′/νtoˆ), γ′k := γ
′(r′k) and
∆α : [0, 1) → [0,∞) is a stereographic projector radially
distorted by the parameter α ∈ R≥0 and applied to a
normalized height x ∈ [0, 1). For an observer, the intrin-
sic measurement of the distances (including the height)
is locally given by the arc length (νtoˆγ
′) in H4β±.
Adding the condition (3), Eq. 17 is only valid for a
small region (γ′ << 1) because it diverges when γ′ →
γ′k, and then it requires eliminating this divergence. For
example, we tried the inverse stereographic projection
bf
α
rˆ (toˆ, r
′) ∼ 2νtoˆ tan−1 γ
′∆α(γ′/γ′k)
2
(19)
That is, the projection fαrˆ remains one-parametric (α).
For the temporal projection, it is supposed that tˆ =
fα
tˆ
(t, ~r) ≈ t.
D. THEORETICAL COMPATIBILITY
D.1. Equivalent proper distances
The ΛCDM and hyperconical models can be respec-
tively interpreted as the intrinsic and extrinsic views of
a same local universe, i.e. when distance approaches to
zero. This local compatibility between the flat FRW met-
ric and the hiperspherical extrinsic metric (hyperconical
universe) leads to an equivalence of the proper or comov-
ing distance obtained according both models when only
the intrinsic view is used. Specifically,∫ z
0
dz
HΛ(z)
=: rˆ′Λ(z) ≈ rˆ′hyp(z) =:
∫ z
0
dz
Hˆ(z)
(20)
for z << 1, with the corresponding curvatures (K = 0
for ΛCDM and k ≡ 1 for the hyperconical model). In
other words, the goal is to find the projection map fαrˆ
that satisfies a second order (regional) equivalence be-
tween an apparent flat Hubble parameter Hˆ(z) (derived
from the projected hyperconical universe) and the mea-
sured flat Hubble parameter (according to the ΛCDM
model). To analyze the theoretical regional compatibil-
ity between both theories, the function Hˆ(z) is obtained
and compared with HΛ. From the right side of the Eq. 20
and considering Eqs. 12 and 13, it is easy to find that
Hˆ(z) =
(
d
dz′
◦ fαrˆ ◦ ξ−1k ◦
∫ z′
0
dz
1
Hhyp
)−1
(z) (21)
where it is taken as toˆ ≡ 1 and thereby Hhyp(z) = 1 + z.
The function ξk is that provided by Eq. 14 and the pro-
jection map fαrˆ is supposed equal to either af
α
rˆ (Eq. 17)
or bf
α
rˆ (Eq. 19). To distinguish both cases, the related
Hubble parameters are denoted as aHˆ(z) and bHˆ(z).
4D.2. Second order compatibility analysis
Because the standard ΛCDM model has shown good
results even for high redshifts, the theoretical compati-
bility of a hypothetical projection map (Eq. 19) should
be considered not only at the first order. Expanding the
theoretical expression of HΛ (Eq. 1) in terms of Taylor
series up to second order, H
(2)
Λ , it is found that
H
(2)
Λ =
√
Ωr + Ωm + ΩΛ +
4Ωr + 3Ωm√
Ωr + Ωm + ΩΛ
z
2
+
8Ω2r + (24ΩΛ + 12Ωm)Ωr + 12ΩmΩΛ + 3Ω
2
m
(Ωr + Ωm + ΩΛ)3/2
z2
8
(22)
The Hubble parameter derived from the projected hyper-
conical universe (Eq. 21), expanded up to second order
provides:
Hˆ(2) = 1 +
γk − 2α
√
k
γk
z +
+
5α2k − 2α√kγk − 3αk +mγ2k
2γ2k
z2 (23)
where either m = 2 (for fαrˆ = af
α
rˆ ) or m = 5/2 (for
fαrˆ = bf
α
rˆ ), with α assumed as approximately constant
at second order.
Therefore, the equivalence expressed in the Eq. 20
leads to three equations corresponding to the zero, first
and second orders of H
(2)
Λ and Hˆ
(2). The zeroth or-
der corresponds to the trivial flat FRW universe Ωr +
Ωm + ΩΛ = 1. The first order is dependent on the fam-
ily shape parameter α. Even taking the normalization
k ≡ 1 and assuming that 0 ≈ Ωr << 1, there are still
three unknowns (Ωm,ΩΛ, α), with two equations. Thus,
the second order equality is required to solve the system
H
(2)
Λ = Hˆ
(2).
An important point for the reader is that the corre-
sponding system up to third order, H
(3)
Λ = Hˆ
(3), is in-
compatible with a constant α and Ωr ≈ 0. Thereby, the
Eq. 17 and Eq. 19 should be considered just as second
order approximations with constant α.
D.3. Explicit second order solution
The explicit solution of the second order systemH
(2)
Λ =
Hˆ(2), given by Eqs. 22 and 23, is:
ΩΛ =
3α2k + 2α
√
kγk − αk
2γ2k
+ ωΛ (24)
Ωm =
2αk(1− 3α)
γ2k
+ ωm (25)
Ωr =
9α2k − 2α√kγk − 3αk
2γ2k
+ ωr (26)
FIG. 1: Theoretical compatibility between the Standard
Model and the projected hyperconical universe: a) Solution
curve aα(z) found for aHˆ = HΛ, b) Solution curve bα(z) found
for bHˆ = HΛ
where ωΛ = 1/2 or (6+k)/12, ωm = 0 or −k/3, ωr = 1/2
or (2 + k)/4 depending on whether aHˆ or bHˆ is used, as
well ΩΛ + Ωm + Ωr = 1.
Considering k ≡ 1 and Ωr ≈ 0 (Ωr = 9.0± 0.5 · 10−5),
the numerical solutions correspond to two complex con-
jugate sets:
α = 0.2830219501(1)± cαi
ΩΛ = 0.6937181(2)± cωi (27)
Ωm = 0.306192(6)∓ cωi
where cα = 0.204263(4) or 0.320386(2), cω = 0.260076(4)
or 0.407928(3) depending on whether aHˆ or bHˆ is used,
and the value in parenthesis is the interval error of last
significant figure. Note that the real part of ΩΛ and
Ωm are compatible with the observations updated by
the Planck Mission (ΩΛ = 0.6911 ± 0.0062 and Ωm =
0.3089 ± 0.0062, [11]). If other positive values of k
are considered (0 < k < 1), the real values predicted
for the parameters remain about ΩΛ = 0.699 ± 0.005,
Ωm = 0.3001± 0.005 and α = 0.280± 0.003.
Proposition. Since af
α
rˆ and bf
α
rˆ ∈ C∞[0, r′k) lead to
the same real part of ΩΛ and Ωm, there exist smooth n-
parametric (λ) transformations Qλ : af
α
rˆ → bfαrˆ such as,
for only one configuration of λ in each transformation,
the imaginary part of these cosmological parameters is
zero, i.e. cω = 0.
To prove the existence of this unique configuration, it
5is enough to find the (unique) curves aα(γ
′) and bα(γ′)
that, respectively, solve cω = 0 for aHˆ(z) and bHˆ(z).
Considering the real part of Eq. 27 for HΛ and the
solution curves aα(γ
′) and bα(γ′), it is obtained that
aHˆ(z) = bHˆ(z) = HΛ(z) (Fig. 1), i.e. afa
α
rˆ = bf
bα
rˆ . Triv-
ially, there exist parametric maps qa(λa) : af
α
rˆ → afaαrˆ
and q−1b (λb) : bf
bα
rˆ → bfαrˆ . Therefore, one of the possi-
ble transformations is Qλ = Q(λa,λb) := q
−1
b ◦ qa and its
unique configuration that solves cω = 0 is λ = (λa, 0). 
D.4. Agreement with observations
Empirical values of α were obtained according to 580
Type Ia supernovae (SNe Ia) data, collected from the
Supernova Cosmology Project (SCP) Union2.1 database
(z from 0.015 to 1.414) [12, 13]. Theoretical distance
modulus was fitted for the projected hyperconical uni-
verse (Eq. 13) using af
α
rˆ and bf
α
rˆ . For k ≡ 1 and
considering constant the parameter α, the best fit was
α = 0.30± 0.01 (χ20 = 562) for afαrˆ and α = 0.36± 0.02
(χ20 = 562) for bf
α
rˆ . Within two sigma interval, they are
compatible with predicted averages aα¯ = 0.290 ± 0.005
and bα¯ = 0.325 ± 0.005, estimated for the considered
redshift values (z ≤ 1.414).
Finally, the projection bf
α
rˆ′ can be fitted to obtain the
same multipole value for the first CMB peak (Eq. 7) than
the Standard Model (assuming the empirical baryon-to-
photon ratio for both models). The distortion parameter
that satisfies this equality is α = 0.320±0.005. Therefore,
the new model could be compatible with both local and
global scales for a distortion of α = 0.325± 0.005.
E. Summary and conclusions
From the hypothesis of a linearly expanding hyper-
sphere (hypercone), it is obtained an inhomogeneous
metric that approaches to an effective flat FRW metric at
local scale. This is equivalent to a hypothetical compen-
sation of the matter effect (deceleration) by a dark energy
effect (acceleration), at least locally. Consistently, there
is a mathematically compatibility between the expansion
explained under the Standard Model and under the view
of the hyperconical model.
The (intrinsic) proper distance obtained from the Stan-
dard Model could be interpreted as a locally conformal
projection of the comoving radial coordinate of the (ex-
trinsic) hyperconical universe. This projection causes
a distortion that would provide the origin of the cos-
mological constant. Particularly, imposing equality in
second order, a dark energy density is obtained about
ΩΛ ≈ 0.7. Moreover, it is found a consistent projection
(bf
α
rˆ′), whose predicted distortion parameter for low red-
shifts (α = 0.325 ± 0.005, z ≤ 1.414) is compatible with
its empirical value (α = 0.36± 0.02, fitted to the SNe Ia
observations), and very similar to the theoretical value
(α = 0.320± 0.005) obtained at high redshifts to explain
the first CMB acoustic peak. However, the projection
proposed in this letter is just an example and other pos-
sibilities could produce better results.
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